The most critical feature of a common-item nonequivalent groups equating design is that the average score difference between the new and old groups can be accurately decomposed into a group ability difference and a form difficulty difference. Two widely used observed-score linear equating methods, the Tucker and the Levine observed-score methods, have different statistical assumptions when decomposing the score difference. Variation in the decomposition of group ability and form difficulty differences can affect the equating results.
Introduction
A common-item nonequivalent groups equating design is often used in many testing programs because of its flexibility in data collection. Important features of this design include:
(1) each of the two examinee groups (new and old) is only required to take one alternative form of the test; (2) a set of common items is embedded in both the new and old forms, which links the two forms of the test; and (3) the common-item set should be viewed as a short version of the full-length test, which requires similar content and statistical specifications (including difficulty).
Among the applicable equating methods under the common-item nonequivalent groups design, two observed-score linear equating methods are of particular interest: the Tucker and the Levine observed-score equating methods.
Because each examinee only takes one alternative form of the test, strong statistical assumptions are necessary in establishing the linear equating function for the new and old forms.
Two statistical assumptions about the observed scores are made for the Tucker equating method: linear regression and conditional variances. The linear regression assumption indicates that the regression of the total scores on the common-item scores is the same for both the new and old populations. The conditional variances assumption requires that the conditional variances of the total scores given the common-item scores are the same in both populations.
On the other hand, three statistical assumptions are made for the Levine observed-score equating method: correlational assumptions, linear regression assumptions, and error variance assumptions. The correlational assumptions specify that the true scores for the forms and the common-items are perfectly correlated in the new and old populations. The linear regression assumptions mean that the regressions of the true scores for the new form (or old form) on the true scores for the common-items are the same for both the new and old populations.
Furthermore, the error variance assumption means that the measurement error variances for the new form, old form, or common-items are the same for both the new and old populations (see Kolen and Brennan, 2004, pp. 105-117 for details) .
When all the assumptions are satisfied, research has indicated that both equating methods will produce the same results (Kolen, 1990; von Davier, 2008) . von Davier (2008) indicates that the Tucker and the Levine observed-score methods can produce theoretically the same equating results when the populations are the same and all assumptions for both equating methods are satisfied. Kolen (1990) suggests that if the two populations are similar in ability and the common-item scores are highly correlated with the total scores on the two forms of the test in a common-item nonequivalent groups design, all equating methods tend to produce the same results.
Further, when comparing the Tucker and the Levine observed-score equating methods both empirically and theoretically, Kolen and Brennan (2004, pp.128-129) suggested that the equating decisions favor (a) the Tucker method, when both examinee groups are similar in ability; (b) the Levine observed-score method, when the examinee groups are dissimilar in ability; or (c) not conducting equating, if the examinee groups are very different in ability or the forms are too much dissimilar in difficulty. However, in practical situations, both form and group differences can exist in an equating and the magnitudes of the differences may vary. Therefore, under the common-item nonequivalent groups design, the interaction between examinee group difference and form difference is crucial to the equating results based on the different equating methods.
Under the common-item nonequivalent groups equating, the observed total score mean differences are due to the confounded effects of form and group mean differences. They can be mathematically decomposed into the sum of form and group mean differences: γ denotes the expansion factor. Note that the first brackets represent the form difference (or FD) for the new group and the second brackets represent the group difference (or GD) on the old form scale. Equation (1) applies to both the Tucker and the Levine observed-score methods under the condition that the synthetic population is the new group with weight equal to 1.
The group difference on the common-items is computed by multiplying an "expansion factor" (or 2 γ ). The expansion factors are: It should be noted that the expansion factor has a role on not only the decompositions of form and group differences but also the slopes of determining linear equating functions:
where denotes the linear equating function for the new form on the old form scale, and the variances of common-item for the new and old group respectively, and
the standard deviation of new form for the new group.
As decomposing the observed total score mean differences into form and group mean differences is taken as the intermediate process and plays an important role in the common-item nonequivalent groups equating, it is critical to understand how the equating methods decompose the observed total scores and what impact these methods have under various form and group difference conditions. When different equating methods are implemented in the common-item nonequivalent groups design, the equating results should be in line with the degree of similarity in group abilities and form difficulties (e.g., forms that differ in difficulty would have conversions that are more disparate than forms that are similar in difficulty). Many studies (e.g., von Davier, 2008; Wang, Lee, Brennan, & Kolen, 2006) have used simulation techniques to manipulate either GD or FD separately. Since both group difference and form difference may interact, the goal of this study is to comprehensively investigate the impact of combining group difference and form difference (with more weight on group difference) on equating results for the Tucker and the Levine equating methods.
Including similar and dissimilar conditions for both group and form differences, the current study conducted 2 X 2 analyses based on the Tucker and the Levine observed-score equating methods. Four variations can be categorized: similar in both forms and ability, similar in forms and dissimilar in ability, dissimilar in forms and similar in ability, and dissimilar in both forms and ability.
Combining the four categories and the three equating decision suggestions from Kolen and Brennan (2004) listed above, three research questions are investigated in the current study:
(1) When the test forms and examinee groups are similar, do both equating methods produce the same results? (2) When the test forms are similar in difficulty, which of the equating methods is more robust in dealing with differences in group ability? and (3) When the test forms are dissimilar in difficulty, which of the equating methods is more robust in dealing with differences in group ability?
Method

Data
Test data from a nationally administered 30-item mathematics test were used in this study. Examinee groups with similar educational backgrounds took four test forms (denoted as Forms A, B, C, and D) in different administrations. Forms A and B share 10 carefully selected common-items which are similar to the test as a whole in terms of content and statistical properties. The dichotomous item responses on both forms were calibrated using BILOG-MG (Zimowski, Muraki, Mislevy, & Bock, 1996) with a 3PL IRT model (Lord, 1980) . The Stocking and Lord Method (Stocking & Lord, 1983) The empirical item parameter values were assumed to be the true parameter values and were used as the basis to simulate item responses. To simulate the condition of group difference, five 2000-examinee groups with mean abilities ranging from -0.5 to 0.5 (i.e., -0.5, -0.25, 0, 0.25, 0.5) were sampled from a normal distribution with unit standard deviation and were denoted as L1, L, Mid, H, and H1 respectively. These groups of examinees took Forms A and C (old forms).
Similarly, another five groups of examinees took Forms B and D (new forms). Pairing the groups who took new forms and corresponding old forms yielded different conditions on group difference which are described in the following section. WinGen2 (Han, 2007 ) was used to sample examinees and simulate item responses. The observed score distributions were used to conduct equating.
Equating Conditions
Both the Tucker and the Levine observed-score equating methods were conducted for all equating conditions. The synthetic population weight was set to 1 for the new group, which means that the new group is considered to be the sole synthetic group. Factors of investigation are described below:
1. Equating methods: Tucker and the Levine observed-score equating.
2. Form difficulty differences: 0.1 (similar) and 0.4 (dissimilar) measured by the mean difference of b parameter for the new and old forms.
3. Group differences: from 0 to 1 with an increment of 0.25 on the theta scale.
The group ability difference was measured by the mean difference between the two normal distributions from which random samples of thetas were drawn. In the current study the new group is considered less able than the old group, because the magnitudes of group differences are the same except for opposite signs when the new group is considered more able than the old group. Thus, fifteen group ability combinations are computed for each of the two form difficulty conditions (similar and dissimilar) including 0.00 (same ability for new and old groups: SH1, SH, SM, SL, and SL1), 0.25 (0.25 ability difference for new and old groups: HH1, MH, LM, and L1L), 0.50 (0.5 ability difference for new and old groups: MH1, LH, and L1M), 0.75 (0.75 ability difference for the new and old groups: LH1 and L1H), and 1.00 (1 ability difference for new and old groups: L1H1). A total of 30 (2 form conditions X 15 ability combinations) equatings were conducted separately using Tucker and Levine observed-score equating methods. Table 1 shows the group difference conditions investigated in this study. 
TABLE 1 Equating Conditions and Notations
Old
Evaluating Indices
It is a common practice that the selected equating methods are evaluated against a true equating function. In this study, each ability group was considered as a subgroup from the target population. Thus, the five examinee groups taking the new forms (or the old forms) were combined and used to represent the examinee population. The criterion equating group is denoted as Mix10K. That is, two 10,000-examinee groups were used to conduct the equating under the two form difficulty conditions. The equating relationship of the examinee population taking the new and old forms (i.e., the Mix10K) was adopted as the criterion. The equipercentile equating method is used to define the criterion equating relationship. Another way of defining a target population is to draw a large number of examinees (e.g., 100,000) from a standard normal distribution. However, this consideration was not adopted here because it fails to represent examinee groups with different abilities.
The decompositions of form difference and group difference were evaluated for their accuracy under each method in terms of their capability of separating the two differences. Under the same condition of form difficulty (similar or dissimilar), the decomposed form differences are expected to be the same regardless of the changing differences in group abilities. That is, the consistency of decomposing form difference is to be compared between the equating methods when group differences change. Likewise, when the same pair of groups (e.g., LM or MH) are used, the decomposed group differences are expected to be the same regardless of the changing difference in form difficulty (i.e., similar or dissimilar in form difficulty). The accuracy of decomposing group difference is to be compared between the equating methods when form differences change.
Different equating conditions may lead to different equating results which can be quantified and evaluated through the produced unrounded scale score conversions. The old form conversion was used in such a way that both unrounded and reported scale scores were identical to the associated raw scores. Since the equipercentile equating relationship between the Mix10K groups was adopted as the criterion equating, the average unrounded scale score differences between each of the equating conditions and the criterion equating were compared. The indices used for evaluating the equating results were: (1) the average unweighted absolute equating difference (UAED); and (2) 
Results
Descriptive Statistics for Forms and Samples
Tables 2 and 3 present average item parameter estimates for Forms A and B (similar difficulty) as well as for Forms C and D (dissimilar difficulty). Table 4 shows the means and standard deviations for values of theta, total raw score, common-item score, and non-common item score for each ability group under different form difficulty conditions. The results indicate that the ability difference decreases by 0.25 on the theta scale as the total raw score decreases by one point when form difficulty is similar (S-new and S-old). This one-point difference can be attributed to about 0.3 point and 0.7 point differences for common-item and non-common item scores, respectively. Note: CI = common-item; S-old = similar old form; S-new = similar new form; DS-old = dissimilar old form; DS-new = dissimilar new form. Table 5 shows the decompositions of total raw score differences to common-item and non-common item score differences for different equating conditions (form difficulty and varying group abilities). The results indicate that there is about a 0.5 point total raw score difference (e.g., for Zero difference, the average changes from -1.042 to -1.460) when equating conditions of form difference are changed from similar (i.e., Form A to Form B) to dissimilar (i.e., Form C to Form D). 
Decompositions of Form and Group Differences
Consistencies of the decompositions are evaluated for each equating method under different conditions. Under the same form difficulty condition, it is expected that the decomposed form differences are consistent regardless of the difference in group abilities.
Figures 1 and 2 present the decomposed form and group differences from each equating method when form difficulty is similar or dissimilar. As expected, when the groups are very similar (i.e., SH1, SH, SM, SL, SL1) both methods yield similar decompositions of the group and form differences. Both methods captured the form difference when they are dissimilar (Figure 2 ). When the group difference increases (e.g., greater than 0.25 SD including MH1, LH, L1M, LH1, L1H, and L1H1), the decomposed values of the group difference also increase from both methods. However, the magnitudes of the decomposed group difference vary between the two methods, with the Levine observed-score method yielding larger group differences than the Tucker method. The patterns are consistent for the similar (Figure 1 ) and dissimilar (Figure 2) form conditions. Additionally, the decompositions of form differences from the Levine observed-score method are consistent regardless of the change in group differences. The decompositions of form differences from the Tucker method, however, become larger as the difference in groups increases. This finding suggests that the Levine observed-score method is more robust than the Tucker method in the decomposition of form differences when group differences change. 
Decomposed Difference
Tucker-FD Tucker-GD Lev-FD Lev-GD Note: FD = Form Difference; GD= Group Difference 
Tucker-FD Tucker-GD Lev-FD Lev-GD Note: FD = Form Difference; GD= Group Difference Likewise, in the same group ability condition, it is expected that the decomposed group differences are consistent regardless of the change in form difficulties. For the same pair of test forms having similar and dissimilar form difficulties, Figure 3 presents the decomposed group differences of the equating methods for all equating conditions. The result shows that, when the form difference changes from similar to dissimilar, the group difference does not change much for both methods. Additionally, the Levine observed-score method yields slightly larger group differences than the Tucker method in most of the equating conditions. In general, the Levine observed-score method appears to be better than the Tucker method in the sense of revealing the relative magnitude of the decomposed differences, especially when group differences are dissimilar. This finding is consistent with the literature. Figure 4 presents the decomposed form differences with the changes of form similarity. In general, the form differences appear larger under the Tucker method than the Levine observed-score method, which is also consistent with the literature. Furthermore, the decomposed form differences for Tucker method increase slightly as the group variation increases even for the similar forms. 
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Equated Unrounded Scale Scores
Tables 6 to 9 present unrounded scale score means for the new groups (High1, High, Mid, Low, and Low1) using the Tucker and the Levine observed-score equating methods when the new and old forms are either similar (Tables 6 and 7) or dissimilar (Tables 8 and 9 ) in difficulty and the new and old group abilities are either similar or different. It was expected that the unrounded scale score means for the same new group should be consistent across the different conditions. However, the results indicate that the unrounded scale score means depend on the similarities between the new and old group abilities and new and old form difficulties under the Tucker equating. respectively; whereas, the Levine observed method yields 14. 947, 14.760, 14.604, 14.532, and 14 .697 corresponding to the unrounded scale score means. The results indicate that the unrounded scale score means from the Levine observed-score equating are more consistent than those from the Tucker equating across the levels of group ability difference between the new and old groups. The findings suggest that, when the examinee groups are dissimilar in abilities, the Tucker method tends to count the group difference as form difference. As a result, the more able group is disadvantaged while the less able group is advantaged (from the Tables 6 and 8) .
Depending on the direction of equating (i.e., less able new group to more able groups, or viceversa), the equating score may be inflated or deflated by the Tucker method. The same pattern can be found for the test forms with dissimilar difficulties (see Tables 8 and 9 ). These results suggest that the differences in group abilities between the new and old groups do not affect the equated scores under the Levine observed-score equating but do affect the equating results under the Tucker equating.
Figures 5 and 6 present the unrounded equated score differences between equatings from different samples (High1, High, Mid, Low, and Low1) and the criterion equating when the new and old forms and groups are similar. The results are similar between the two equating methods:
(1) the equated scores are not very different from the criterion equating in the middle score range;
(2) the equated scores at the lower end of the scale are more similar to the criterion equating when using the Low and Low1 samples than the high ability samples; (3) the equated scores at the higher end of the scale are more similar to the criterion equating when using the High and High1 samples than the low ability sample; and (4) the Tucker method performs slightly better than the Levine observed-score method except at the high end of the score scale when the middle ability samples are used. Furthermore, when the test forms are dissimilar but the groups are similar, both equating methods produce similar results except for the SL1 equating condition in which the Levine observed-score method yields larger differences at the high end of the scale (see Figures 9 and   10 ). Moreover, when both the new and old forms and groups are dissimilar, both equating methods yield large differences across the scale (see Figures 11 and 12) . The Tucker method consistently leads to high equated scores when the new group has a lower ability than the old group. The situation could reverse when a higher ability group is equated to a lower ability group. In addition, the larger the ability differences between the new and old groups, the larger the equated score differences between the samples and population. The findings are in line with the literature about the Tucker and the Levine observedscore equating, indicating when forms are similar in difficulty but groups differ in ability, the Levine observed-score method is preferred to the Tucker method; when forms differ but groups are similar, the Tucker method performs better than the Levine observed-score method.
However, the two methods perform similarly when both form and group differences are small.
Nevertheless, they should be treated cautiously when both form and group differences are large,
as not equating may be the best option.
Unweighted Absolute and Weighted Root Mean Square
The average unweighted absolute equating differences (UAED) and the average weighted root mean square difference (RMSD) between the equated scores from the various equatings and the criterion equating are usually larger under the Tucker method than the Levine observed-score method (see Tables 10 through 17 ). For example, comparing the UAED for Low1 equated to High1, High, Mid, Low, and Low1 for forms of similar difficulty, the Tucker method yields 1.797, 1.534, 1.110, 0.762, and 0.596 respectively, but the Levine observed-score method yields only 0.604, 0.511, 0.488, 0.452, and 0.500 to the corresponding equating (see Tables 10 and 11 ).
The similar result can be found for the RMSD. Both the UAED and the RMSD from the Tucker equating are usually larger than those from the Levine observed-score equating. Moreover, comparing for the equatings where the less able new group of Low1 is equated to the more able old groups (i.e., L1L, L1M, L1H, and L1H1), the Levine observed-score method results in consistent UAEDs or RMSDs as the new and old group differences increase. That is, the change of the old group abilities does not affect the Levine observed-score equating. When the Tucker method is used, however, both the UAEDs and the RMSDs become larger as the group differences between the new and old groups increase. In addition, these tables also show that when the new and old group abilities are the same (e.g., High1 to High1) and the test forms are similar or dissimilar in difficulty, both equating methods yield similar UAEDs or RMSDs. First, when forms and groups are both similar, research (Kolen, 1990; von Davier, 2008) suggests that both equating methods can produce the same results. The present study supports this conclusion. Although the raw score differences are decomposed differently, the average unrounded scale score differences are not very different between the equating methods.
Second, when forms are similar in difficulty but the groups differ in ability, Kolen and Brennan (2004) recommended that the Levine observed-score method is more appropriate than the Tucker method. The results of the present study also indicate that the Levine observed-score method produces more stable equating results than the Tucker method. When the raw score difference is decomposed into form and group differences, form differences are consistent across group differences for the Levine observed-score method, but increase for the Tucker method as group differences increase. That is, with no change in form difference, the Tucker method overestimates the form differences as group differences increase.
Third, when forms are dissimilar in difficulty and groups vary in ability, the present study suggests that the Levine observed-score method produces more accurate equating results than the Tucker method. Consistent with the form difference decompositions, both the average unweighted equating difference (UAED) and the average weighted root mean square difference (RMSD) are found to be smaller for the Levine observed-score method than the Tucker method.
Thus, this study suggests that the Levine observed-score method is more robust than the Tucker method.
A possible reason for this finding is that, under both similar and dissimilar form difficulty conditions, the regression assumptions on which the Tucker method is based on might be violated. The Tucker method assumes that the regression of total raw scores on common-item scores in each form should be the same for both groups. In practice, it is impossible to examine the assumption because each group only takes one form. The present study used simulation techniques to examine the regression assumption for the equating condition when the new and old groups are very different (i.e., L1H1). However, the results of the present study did not show the violation of the regression assumption. The slopes and intercepts of the regressions are very close for the equating conditions of L1H1. Figure 13 and Table 18 show the relationships, slopes, and intercepts for the regressions. Future research is needed to investigate why the Levine observed-score method outperforms the Tucker method. The findings of this study shed light on which equating method should be selected in practice. Some researchers take the position that the Levine observed-score method should be adopted under sizable group difference condition whereas the Tucker method should be adopted under sizable form difference condition. Under the form difference conditions of this study, the results suggest that the Levine observed-score method performs consistently across the conditions of varying group ability differences. That is, the Levine observed-score method decomposes the form difference consistently under both form difficulty conditions as the group differences change. In contrast, the application of the Tucker method seems only appropriate when group difference is small (for example, less than 0.25 SD), and it may produce inaccurate equating results when group difference becomes larger (for example, 0.5 SD or higher).
It is not clear whether the smaller expansion factor (or 2 γ ) for the Tucker method might have caused the underestimation for the group differences. However, the Levine observed-score method produces less biased equating results in terms of equated score means, absolute equated differences, and RMSD, which may be related to its larger expansion factor. The performance difference between the equating methods seems directly related to how group and form differences are decomposed, which can be further investigated in future research.
In summary, this study compared the Tucker and the Levine observed-score equating methods under two form difficulty conditions with five group ability conditions. The findings of this study suggest that when group differences in ability are large, the Levine observed-score method is more accurate than the Tucker method in both the estimated decomposed form differences and the equating results. Future research can be undertaken to see if the findings of this study hold for different conditions (e.g., different sample sizes) and tests.
